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HEINZ-SCHWARZ INEQUALITIES FOR HARMONIC 
MAPPINGS IN THE UNIT BALL 

DAVID KALAJ 


Abstract. We first prove the following generalization of Schwarz lemma 
for harmonic mappings. Let u be a harmonic mapping of the unit 
ball onto itself. Then we prove the inequality ||u(a;) — (1 — ||a;|| 2 )/(l + 
||*|| 2 ) n ' /2 u(0)|| < U(\x\N). By using the Schwarz lemma for harmonic 
mappings we derive Heinz inequality on the boundary of the unit ball 
by providing a sharp constant C n in the inequality: \\d T u(rrj) || r= i ^ C„, 
||»j|| = 1, for every harmonic mapping of the unit ball into itself satisfying 
the condition u(0) = 0, ||u(??)|| = 1. 


1. Introduction 

E. Heinz in his classical paper [3], obtained the following result: If u 
is a harmonic diffeomorphism of the unit disk U onto itself satisfying the 
condition u(0) = 0, then 

2 

\u x (z)\ 2 + \u y (z)\ 2 ^ z € U. 

The proof uses the following representation of harmonic mappings in the 
unit disk 


( 1 . 1 ) 


u(z) = f(z)+g(z), 


where / and g are holomorphic functions with |g'(z)| < \f'(z)\. It uses 
the maximum principle for holomorphic functions and the following sharp 
inequality 


( 1 . 2 ) 


lim inf 
r—>T _ 


du(re lt ) 
dr 



proved by using the Schwarz lemma for harmonic functions. The aim of this 
paper is to generalize inequality (11.211 for several dimensional case. 

If u is a harmonic mapping of the unit ball onto itself, then we do not 
have any representation of u as in (11.11) . 

It is well known that a harmonic function (and a mapping) u € L°°(B n ), 
where B = B n is the unit ball with the boundary S = 5 n_1 , has the 
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following integral representation 


(1.3) 


u(x) = V[f](x) = 


P(x,Omda(t), 


where 


P(x, 0 = 


1 — llxl 


:,(£S 


<n —1 


I* - Cll ? 

is Poisson kernel and a is the unique normalized rotation invariant Borel 
measure on S n ~ l and || • || is the Euclidean norm. 

We have the following Schwarz lemma for harmonic mappings on the unit 
ball B n (see e.g. HI). If u is a harmonic mapping of the unit ball into itself 
such that u( 0) = 0 then 

(1.4) |Ks)|| < U{rN), 

where r = ||x||, N = (0,... ,0,1) and U is a harmonic function of the unit 
ball into [—1,1] defined by 

(!- 5 ) U{x) = V[xs+ ~ Xs~]{x), 

where x is the indicator function and S + = {x € S : x n ^ 0}, S~ = {x € S : 
x n ^ 0}. Note that, the standard harmonic Schwarz lemma is formulated for 
real functions only, but we can reduce the previous statement to the standard 
one by taking v(x) = (u(x),rj), for some ||^|| = 1, where (-, •) is the Euclidean 
inner product. Indeed, we will prove a certain generalization of (11.41) without 
the a priory condition u(0) = 0 fTheorem l2.il) . For Schwarz lemma for the 
derivatives of harmonic mappings on the plane and space we refer to the 
papers EH- It is worth to mention here a certain generalization of (11.21) 
for the mappings which are solution of certain elliptic partial differential 
equations in the plane [2]. For certain boundary Schwarz lemma on the unit 
ball for holomorphic mappings in C n we refer to the paper [8]. 

By using Hopf theorem it can be proved ([5]) that if u is a harmonic 
mapping of the unit ball onto itself such that u(0) = 0 and ||u(C)|| = h then 


lim inf 
r—> 1 


dn 

a^ (rC) 


iS C n 


where C n is a certain positive constant. Our goal is to find the largest 
constant C n . This is done in Theorem 12.31 and Theorem 12.41 


2. Preliminaries and main results 

First we prove the following generalization of harmonic Schwarz lemma 
for B n , n ^ 3. The case n = 2 has been treated and proved by Pavlovic El 
Theorem 3.6.1]. 

Theorem 2.1. Let u be a harmonic mapping of the unit ball onto itself, 
then 


( 2 . 1 ) 


u{x) — 


1 — llxl 


(1 + ll®ll 2 ) n / 2 


«( 0 ) 


^(IMIAO- 
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Proof. Assume first that x = rN. We have that 


and so 



1 — r 2 

HC-rfVr 


/(C)do-(C), 


u(rN) 


1 — r 2 

(1 + r 2)n/2 


u( 0) 


f ( l ~ r2 

Js»-i VIIC- rN\\- 


1-r 2 ) 

(1 + r 2 ) n ! 2 ) 


f(C)d<r( 0- 


Further we have 


u(rN) 


1 — r 2 

(1 _)_ r 2 ) n /2 


«(0)|| < 


+ 





1 — r 2 

1 — r 2 

1 

% 

3 

(1 + r 2 ) n / 2 

1 — r 2 

1 — r 2 / 

£ — riV n 

(1 + r 2)n/ 2 j 

1 — r 2 

1-r 2 ^ 


(l + r 2)n/2 ||C — rN\\ n ) 


dcr(C) 

da(Q 




Thus 


u(rN) 


1 — r 2 

(1 + r 2)n/2 


u( 0) 


< U(rN). 


Now if x is not on the ray [0, N], we choose a unitary transformation O such 
that 0(N ) = x/\x\. Then we make use of harmonic mapping v(y) = u(0(y)) 
for which we have v(rN ) = u(0(rN )) = u(x). By making use of the previous 
proof we obtain (|2.1|) . □ 


2.1. Hypergeometric functions. In order to formulate and to prove our 
next results recall the basic definition of hypergeometric functions. For two 
positive integers p and q and vectors a = (ai,..., a p ) and b = (b \,..., b q ) 
we set 


p F q [a-,b, x\ 


E (°i )k---(a P )k k 

K= Jh) k ...(b q ) k -k\ ’ 


where {y)k '■= = y(y + 1)... (y + k — 1) is the Pochhammer symbol. 

The hypergeometric series converges at least for |x| < 1. For basic properties 
and formulas concerning trigonometric series we refer to the book [3]. The 
most important step in the proof of our main results i.e. of Theorem 12.31 
and Theorem 12.41 below, is the following lemma 


Lemma 2.2. The function V(r) = c>L, q 1 N ' > , 0 ^ r ^ 1 is decreasing on the 
interval [0,1] and we have 

n\ (l + n-(n-2) 2 F 1 [1,1, 3±s, -l]) 

2 3n/2 r [l±n] p [3±n] 


V(r) > 1/(1) = C n : 
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Proof. By using spherical coordinates rj = ( 771 ,, %) such that ry n = cos 9, 
where 9 is the angle between the vector x and x n axis, we obtain from (11.511 
that 

u(tN) = L - »-(*)><» 


and so 

r !- 

U(rN) = 12 


t/2 


f (1 — I" 2 ) 


— r 2 ) sin" 2 9 


(1 — r 2 ) cos 


n —2 . 


0Fr 7o \ (1 T r 2 — 2?’ cos 9) n / 2 (1 + r 2 + 2 r sin 9 ) n / 2 

or what can be written as 

7r / 2 / (1 — r 2 ) sin" -2 9 (1 — r 2 ) sin" -2 9 


r L§J 


U (v N) — 

V^FT [**^4] 7o V (1 + r2 — 2r cos 9) n / 2 (1 + r 2 + 2?’ cos #)"/ 2 

Let P = 2r/(l + r 2 ). Then 

(1 — ?’ 2 ) sin" -2 9 (1 — r 2 ) sin" -2 9 

(1 + r 2 — 2 r cos 0)"/ 2 (1 + r 2 + 2?’ cos 0)"/ 2 




d(9. 


(1 — r 2) y^ff-n/2 

(1 + r 2) "/2^;VV fc 


((—l) fc — 1) cos fc 0 sin"~ 2 0 P 


Since 


t/2 


cos fc 0sin"- 2 0d0 = 


r (¥1 r lihl+">] 

2 r [4±a] 


we obtain 

r r~ 

U(rN) = 12 




Hence 


where 


[2=1] (1 + r 2 )"/ 2 ^ 2r [*±2] V fc 


U(rN) = r (l — r 2 ) (l + r 2 ) 1 * 2 ^-[! r t+ni 


G(r) = 3 F 2 


1, 


v^r[i±H] 
2 + n 4 + n 3 1 + n 4r 2 


4 ’2 1 2 ’(1 + 


,.2\ 2 


By [31 Eq. 3.1.8] for a = b = ~(—1 + n), c = ^, we have that 

1 1 n 

(1 + r 2 ) 1+ T 4 F 3 [{§, i(-l + n), i, 1 + 5 } , {}, |, i + §} , —r 2 ] 


G(r) = 


1 — r 2 


So 


, . 2r[i + 2i 

which can be written as 


n 1 , .1 n 

2’2 ( +n), 2’ + 4 


n 3 1 n 
4 ’ 2 ’ 2 2 


—r 
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U(rN) 


2T[l + §] ^ 2(-l) fc (4fc + n)r [k + f 

~V^\ I ¥\ r+ t^ l (1 + 2fc)(-l + 2 k + n)^T[l + k]T [i(n - 1)" 


Thus 

dU(rN) 2T[l + f] ~ 2(-l) fc (4fc + n)r[A; + f] 

dr ~ p±2] + ^ (-1 + 2A: + n)v^T[l + k]T [\{n - l)" 


Since 

2(—l) fc (4A: + n)T [k + §] 

(—1 + 2 k + n)y/iFr[l + k]T [\{n — 1)] 

_ (—l) fe 2 n T [1 + §] T [k + §] 2(-l) fc (—2 + n)T [jfe + §] 

” 7rA:!r[n] + (-1 + 2A; + n)v^T[A:]r p^J 

we obtain that 

dt/(rlV) _ T [1 + f] ((l + r 2 )- n / 2 (l + n)- (n-2)r 2 2 Ti [±± 2 , 2±s, 3±n, -r 2 ]) 

pf] 

which in view of the Kummer quadratic transformation, can be written in 
the form 

8U{rN ) _ r [1 + §] (l + r 2 )- n / 2 (l + n-(n-2)r 2 2 F! [|, 1, jg, -r 2 ]) 

<9r v^FT [2±n] 

The function 

y 2 Fi[l/2,l,(3+n)/2,-j/] 

increases in y. Namely its derivative is 


2 Ti[l/2,2,(3 + n)/2,-y] 


Then a(m) > 0 and 

a(m ) 
a(m + 1) 


E (-1 r«My m 

m=0 


E 

m=0 


(—l) m (l + m)T [i + m] r [5±2; 

v^Fr § + ?ri + -^ 


(1 + m)(3 + 2m + n) 

(2 + m)(l + 2m) > 


because 1 + n + mn > 0, and so 


2 Fi [1/2, 2, (3 + n)/ 2, -y] > ^ (a(2m) - a{2m + l))y 2m > 0. 

m=0 


The conclusion is that 


r — is decreasing. In particular 
dU(rN) dU(rN) 


<9r 


dr 


\r= 1 - 
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For r = 1 we have 
dU(rN) 
dr 


= C n = 


n\ (1 + n- (n- 2) 2 Fi [±,1, 


2 3n/2 r [l±n] r 


m 


□ 


Theorem 2.3. If u is a harmonic mapping of the unit ball into itself such 
that u( 0) = 0, then for x € B the following sharp inequality 

1 - IK*)II ^ ^ 

-t ii n ^ ^ n 

1 — \\x\\ 

holds. 

Proof. From Theorem 12.11 we have that ||u(x)|| ^ U(rN) and so 

1- ||u(x)|| 1 — \U(rN)\ 

1 — || a; || ^ 1 — ||x|| 

Further there is p € (r, 1) such that 

1 - U{rN) _ dU(pN) 

1 — ||x|| dr ’ 

which in view of Lemma 12.21 is bigger that C n . The proof is completed. □ 


Theorem 2.4. a) If u is a harmonic mapping of the unit ball into itself 
such that it(0) = 0, and for some ||£|| = 1 we have lim^i ||u(r£)|| = 1 then 

(2.2) lim inf 

i—>i _ 

b) If u is a proper harmonic mapping of the unit ball onto itself such that 
u{ 0) = 0. then the following sharp inequality 

(2.3) lim inf 

r—> 1 — 

holds. Here and in the sequel n is outward-pointing unit normal. 


du 

g^ (r() 


P Cm 


= 1 


du 

dn 


>0 


$5 C n 


Proof. Prove a). Then b) follows from a). Let 0 < r < 1 and x € (r(, £). 
There is a p € (||x||, 1) such that 


(2.4) 

On the other hand 


1 - ||u(x)|| _ 3||«(rC)|| 


1 — r 
du(r(f) 


dr 




dr 

dlMOII 

dr 


r—p 


Letting ||x|| = r —> 1, in view of Thereom 12.31 and (12.41) . we obtain that 

du 


dn 


K) 


lim inf 


C n . 
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To show that the inequality (12.3(1 is sharp, let 


h m (x) 


and define 

fm (®1 j • ■ ■ > X n — l, X n 


1 — x/m, 
(m — l)x, 
—1 — x/m , 


if x € (1/m, 1]; 
if — 1/m ^ x ^ 1/m; 
if x € [—1, —1/m), 


i/l ~ h m (x n ) 2 


(xi,.. 


•Z'n—l) 0) T (0,..., 0, h m (x n )). 


Then / m is a homeomorphism of the unit sphere onto itself, such that 


lim f m (x) = (0,..., 0, x s + (x) - xs~ ( ® ))• 

m—¥o o 

Further u m {x) = T’[/ m ](x) is a harmonic mapping of the unit ball onto itself 
such that lim|| a ,i|„ >1 ||u m (x)|| = 1. Thus u m is proper. Moreover u m (0) = 0 
and lim m _ 5 . 0O u m (x) = (0,... , 0, U(x)). This implies the fact that the con¬ 
stant C n is sharp. □ 


Remark 2.5. The following table shows first few constants C n and related 
functions_ 


n 

u(rN ) 

d r u(rN) 

C n 

2 

4 arctan(r) 

4 

2 

7T 

7r(l+r^) ’ 

7T 

3 

— l+r^+x/l+T 2 

1—Vl+r 2 —r 2 (—3+\/l+r 2 ) 

V2-1 

rV 1+r 2 

r 2 (l+r 2 ) 3/2 

A 

2r( —l-t-r 2 )+2(l-|-r 2 ) 2 arctanr 

4^r+3r 3 —(l+r 2 ) 2 arctanr) 

4—7r 


7rr 2 (l+r 2 ) 

7rr 3 (l+r 2 ) 2 

7 r 
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